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Via a numerical linear optimization method we show that
violations of local realism are stronger for two maximally en-
tangled quN its, than for two qubits. The magnitude of vi-
olation increases with N . It is objectively dened by the
required minimal admixture of pure noise to the maximally
entangled state such that a local realistic description is still
possible. Operational realization of the two quN it measure-
ments exhibiting strong violations of local realism involves en-
tangled photons and unbiased multiport beamsplitters. The
approach, extending at present to N = 9, neither involves any
simplications, or additional assumptions, nor does it utilize
any symmetries of the problem.
PACS numbers: 03.65.Bz, 42.50.Dv
John Bell has shown that no local realistic models can
agree with the quantum mechanical predictions for the
maximally entangled states involving two qubits. After
some years researchers started to ask questions about the
Bell theorem for more complicated systems. The most
spectacular answer came for multiple qubits in the form
the GHZ theorem [1]: the conflict between local realism
and quantum mechanics is much sharper than for two
qubits, and can be shown even at the level of perfect
EPR-type correlations.
The other possible extension are entangled states in-
volving pairs of quN its. First results, in 1980-82, sug-
gested that the conflict between local realism and quan-
tum mechanics diminishes with growing N [2]. This was
felt to be in concurrence with the old quantum wisdom
of higher quantum numbers leading to a quasi-classical
behavior. However, the early research was conned to
Stern-Gerlach type measurements performed on pairs of
maximally entangled N−12 spins [2]. Since operation of
a Stern-Gerlach device depends solely on the orientation
of the quantization axis, i.e. on only two parameters, de-
vices of this kind cannot make projections into arbitrary
orthogonal state bases of the subsystems. That is, they
cannot make full use of the richness of the N -dimensional
Hilbert space.
In early 1990’s Peres and Gisin [3] have shown, that
if one considers certain dichotomic observables applied
to maximally entangled pairs of quN its, the violation of
local realism, or more precisely of the CHSH inequal-
ities, survives the limit of N ! 1 and is maximal
there. However, for any dichotomic quantum observ-
ables the CHSH inequalities give violations bounded by
the Tsirelson limit [4], i.e. limited by the factor of
p
2.
Therefore, the following question
 whether the violation of local realism increases with
growing N
was still left open.
Before we answer this question we propose, as an ob-
jective measure of the magnitude of violation of local
realism, the minimal admixture of pure noise to the max-
imally entangled state such that a local realistic descrip-
tion of all quantum predictions is still possible. Thus, we
shall study two quN it systems described by mixed states
in the form of
N (FN ) = FNnoise + (1− FN )jΨNmaxihΨNmaxj; (1)
where jΨNmaxi is a maximally entangled two q-N it state,
noise = 1N2 I^, and the positive parameter FN  1 de-
termines the \noise fraction" within the full state. The
threshold minimal F trN , for which the state N (FN ) al-
lows a local realistic model, will be our numerical value
of the strength of violation of local realism. The higher is
F trN the higher is the minimum noise admixture required
to hide the non-classicality of the quantum prediction.
The CHSH inequalities, which are applicable to only di-
chotomic observables, can be violated only if FN is lower
than 1− 1p
2
, which is an expression of the Tsirelson limit.
Note that, in the experimental interferometry the visi-
bility parameter V , eectively equivalent to 1−FN , is the
usual measure of the reduction of interferometric contrast
(visibility). Such reduction of visibility is always the case
due to some unavoidable noise, and imperfectness of any
real experiment.
There are some reasons to suspect that violations
of local realism should get stronger with increasing N .
For systems described by observables which are at least
three valued the Bell-Kochen-Specker theorem [5] on non-
contextual hidden variable theories can be applied. This
means that any realistic theory of local observations must
be inevitably contextual. Thus we have an essentially
new situation, as the original Bell theorem is formulated
for subsystems for which such problems do not arise. Fur-
ther, it was recently shown [6] that the critical minimal
FN for which a density matrix (1) is separable is NN+1 . In
other words, two quN its reveal properties characteristic
for entanglement for pure noise contributions being up to
N
N+1 part of the full density matrix. The questions con-
cerning the critical FN are also important in the attempts
to generalize Ekert’s quantum cryptographic protocol to
q-trits and higher systems [7].
In this letter we shall mainly study the critical FN for
two maximally entangled quN its when these are observed
via unbiased multiport beam splitters [8]. Our method
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is numerical, and is based on linear optimization. It is a
continuation of the approach of [9] but with some techni-
cal and conceptual improvements. The exploding (with
N) diculty of approaching this type of problems via
algebraic-analytical methods (generalized Bell inequali-
ties, via the Farkas lemma, etc.) has been beautifully
exposed by Peres [10]. Our numerical results show that
the answer to the question posed at the end of the third
paragraph is yes, it does increase!.
The Bell Theorem shows incompatibility of any lo-
cal realistic description with some quantum predictions.
Here we shall study the case of two observers Alice and
Bob performing measurements of local non-degenerate
observables, each on her/his quN it of an entangled pair
in the state N (FN ).
Let us imagine that Alice can choose between two non-
degenerate observables A1 and A2, and that each observ-
able is dened such that it has the full spectrum char-
acterized by all integers from k = 1; 2 to N . Bob can
choose between B1 and B2, both with the same spec-
trum as above (l = 1; 2; :::; N). Thus, the observers can
perform 22 mutually exclusive global experiments. The
quantum probability distribution for specic pairs of re-
sults (k for Alice and l for Bob), provided a specic pairs
of local observables is chosen (Ai and Bj), will be denoted
by PQMFN (k; ljAi; Bj). According to quantum mechanics
the set of 4N2 such probabilities is the only information
available for the observers.
It is well known (see, e. g. [11], [10]) that the hy-
pothesis of local hidden variables is equivalent to the
existence of a (non-negative) joint probability distribu-
tion involving all four observables from which it should
be possible to obtain all the quantum predictions as
marginals. Let us denote this hypothetical distribution
by PHV (k; m; l; njA1; A2; B1; B2), where k and m, repre-
sent the outcome values for Alice’s observables (l and n
for Bob’s). In quantum mechanics one cannot even de-
ne such objects, since they involve mutually incompat-
ible measurements. The local hidden variable marginals
PHV (:::) are dened by
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where PHV (k; m; l; n) is a short hand notation for
PHV (k; m; l; njA1; A2; B1; B2). The 4  N2 equations
(2) form the full set of necessary and sucient condi-
tions for the existence of a local and realistic description
of the experiment, i.e., the joint probability distribution
P HV (k; m; l; n). The Bell Theorem says that the quan-
tum predictions, for FN below a certain threshold, cannot
be modelled by (2), i.e. there exists a critical F trN be-
low which one cannot have any local realistic model with
P HV (k; ljAi; Bj) = PQMFN (k; ljAi; Bj). Our goal is to nd
observables for the two quN its returning the highest pos-
sible critical F trN .
Up to date, no one has shown Bell-type inequalities
that are necessary and sucient conditions for (2) to
hold, with the exception of the N = 2 case (see [10]).
However, surprisingly, there are numerical tools, in the
form of the very well developed theory and methods of
linear optimization, which are perfectly suited for tack-
ling exactly such problems.
The quantum probabilities, when the state is given by
(1), have the following structure
PQMFN (k; ljAi; Bj)
= 1N2FN + (1 − FN )PQMmax(k; ljAi; Bj); (3)
where PQMmax(k; ljAi; Bj) is the probability for the given
pair of events for the pure maximally entangled state.
The set of conditions (2) with PQMFN (k; ljAi; Bj) replac-
ing P HV (k; ljAi; Bj) imposes linear constraints on the
N4 \hidden probabilities" PHV (k; m; l; n) and on the pa-
rameter FN , which are the nonnegative unknowns. We
have more unknowns (N4 + 1) than equations (4N2),
and we want to nd the minimal FN for which the set
of constraints can be still satised. This is a typical lin-
ear optimization problem for which lots of excellent algo-
rithms exist. We have used the state-of-the-art algorithm
HOPDM 2.30. (Higher Order Primal Dual Method) [12].
We were interested in nding such observables for
which the threshold FN acquires the highest possible
value. The only reasonable choice of approaching opti-
mal sets of observables seems to be a numerical procedure
based on the downhill simplex method (so called amoeba)
[13]. If the dimension of the domain of a function is D (in
our case D = 4n, where n is the number of parameters
specifying the nondegenerate local observables belonging
to a chosen family), the procedure rst randomly gen-
erates D + 1 points. In this way it creates a starting
simplex, with vertices at these points. Next it calculates
the value of a function at the vertices and starts explor-
ing the space by stretching and contracting the simplex.
In every step, when it nds vertices where the value of
the function is higher than in others, it "goes" in this
direction (see e.g. [13]).
Let us now move to the question of nding a family of
observables, which returns critical FN ’s which are above
the usual threshold for the two qubits (1 − 1p
2
). As it
was said in the introduction, and was conrmed by our
numerical results, Stern-Gerlach type measurements are
not suitable. More exotic observables are needed.
Before turning to the numerical results we discuss
how experiments on two entangled quN its might be per-
formed. In view of the unavailability of higher spin entan-
glement it is fortunate that quN it entanglement can be
studied exploiting momentum conservation in the many
processes of two-particle generation, most notably in the
parametric down conversion generation of entangled pho-
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ton pairs. One can submit the N spatial modes of each
particle to a multiport beamsplitter.
Application of multiports in the context of quantum
entanglement has been rst discussed by Klyshko [14].
The proposals of Bell experiments with the multiports
presented in [15], and further developed in [16], seem to
be the rst feasible proposal for a non-dichotomic Bell
tests. Multiport devices can reproduce all nite dimen-
sional unitary transformations for single photon states
[17]. Such devices can be constructed using solely the
standard (2 input - 2 output) beamsplitters, mirrors and
phase shifters.
Unbiased (earlier called symmetric) 2N multiports [15]
are devices with following property: if one photon enters
into any single input port (out of the N), its chances of
exit are equally split between all N output ports. The
unbiased multiports are an operational realization of the
concept of mutually unbiased bases, see [18]. Such bases
are "as dierent as possible" [19], i.e. fully complemen-
tary. The 50-50 beamsplitter is the simplest member of
the family.
One can always build an unbiased multiport with the
distinguishing trait that the elements of its unitary tran-
sition matrix, UN , are solely powers of the N-th root of






Unitarity of UN can be checked with the use of the math-
ematical properties of the N -th roots of unity. Devices
endowed with such a matrix were proposed to be called
Bell multiports [16]. An extensive study of the properties
of such devices can be found in [20].
The unbiased six-ports (called tritters) and eight-ports
have been already constructed and tested in the labo-
ratory [8], and used an experiment involving entangled
q-trits in [21].
Let us now imagine two spatially separated experi-
menters who perform the experiment of FIG. 1. (de-
scribed in the caption). The initial maximally entangled
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where e.g. j m; Ai describes a photon in mode m prop-
agating to Alice, can be prepared with the aid of para-
metric down conversion (see [16]). The two sets of phase
shifters at the inputs of the multiports (one phase shifter




B ) in front
of the m-th component of the initial state (4), where mA
and mB denote the local phase shifts.
Each set of local phase shifts constitutes the interfero-
metric realizations of the "knobs" at the disposal of the
observer controlling the local measuring apparatus which
incorporates also the Bell multiport and N detectors. In
this way the local observable is dened. Its eigenvalues
refer simply to registration at one of the N detectors be-
hind the multiport. The quantum prediction for the joint
probability PQMV (k; l) to detect a photon at the k-th out-
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FIG. 1. The experiment of Alice and Bob with entangled
quN its. Each of their measuring apparata consist of a set of N
phase shifters (PS) just in front of an 2N port Bell multiport,
and N photon detectors Dk; Dl (perfect, in the gedanken sit-
uation described here) which register photons in the output
ports of the device. The phase shifters serve the role of the
devices which set the free macroscopic, classical parameters
which can be controlled by the experimenters. The source
produces a beam entangled two particle state.
put of the multiport A and another one at the l-th output
of the multiport B is given by [16]:
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where mkl  mA + mB + [m(k + l − 2)]2N . The counts
at a single detector, of course, do not depend upon the
local phase settings: PQM (k) = PQM (l) = 1=N:
Is it possible describe these probabilities by a local and
realistic model? For N = 2, it is easy to see that the the
probabilities acquire the standard form for two qubits.
It has been shown, that for N = 3 one can derive an in-
equality for a suitably dened correlation function, which
is violated by a factor of 43 , i.e. with threshold F3 =
1
4 .
But what is the ultimate value of F3 and FN?
With our method we have calculated the threshold FN
for the pairs of quN its observed behind two Bell multi-
ports, for N = 2; : : : ; 9. For every N we have run the
amoeba with various dierent starting points of the sim-
plex. The numerical values of the threshold FN are given
in g. 2. It is evident, that indeed two entangled quN its
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FIG. 2. Minimal fraction FN of pure noise admixture to a
maximally entangled two quN it system, such that the local
realistic explanation can be upheld. For smaller noise frac-
tions a conflict arises between quantum mechanics and local
realism.
violate local realism stronger than two entangled qubits,
and that violation increases with N . It is important to
stress that the values were obtained using four indepen-
dently written codes, one of them employing a dierent
linear optimization procedure (from NAG Library).
A few words of comment are needed. One may argue
that because of a quite large number of local macroscopic
parameters (the phases) constituting the domain of the
function being minimized running the amoeba could have
missed the global minimum. While this argument cannot
be ruled out in principle, we stress that in that case the
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ultimate violation would even be larger. This would con-
rm our conclusion that two entangled quN it systems are
in stronger conflict with local realism than two entangled
qubits.
Basing the numerical results, an algebraic calculation
was performed showing that for the two-trits/two-tritters
experiment F3 = 11−6
p
3
2 , which when approximated to 7
decimals gives 0.3038474. One should also mention that
our method gives for two spin 1 particles in a singlet
state observed by two Stern Gerlach apparatuses FSG3 =
0:194545, which is much smaller than 1− 1p
2
, conrming
that such measurements are not optimal in the sense of
leading to maximal possible violations of local realism.
An important question is whether unbiased multiports
provide us with a family of observables in maximal con-
flict with local realism. For a check of this question we
have also calculated the threshold value of F3 for the
case where both observers apply to the incoming q-trit
(N = 3) the most general unitary transformation belong-
ing to a full SU(3) group (i.e. we have any trichotomic
observables on each side). Again we have assumed that
each observer chooses between two sets of local settings.
However, in this case each set consists of 8 local settings
rather than the two in the tritter case. The result ap-
pears to be the same as for two tritters, which suggests
that tritters (an perhaps generally unbiased multiports)
are optimal devices to test quantum mechanics against
local realism for N = 3 (for all N).
It is interesting to compare our results with the limit [6]
for the non-separability of the density matrices 1 of the
two entangled systems. The fact that this limit, NN+1 , is
always higher than ours indicates that that requirement
of having local quantum description of the two subsys-
tems is a much more stringent than the condition than
our requirement of admitting any possible local realistic
model.
It will be interesting to consider within our approach
dierent families of states, generalizations to more than
two particles, extensions of the families of observables,
to see if a wider choice of experiments than can be per-
formed on one side (i.e., more than two) can lead to even
stronger violations of local realism, and nally to see ex-
perimental realizations of such schemes.
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